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Prerequisites: Extended Kalman Filter

e First order laylor expansion
e Jacobian
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Prerequisites: Extended Kalman Filter
3 -

mm Rotation

lal B [xcos@—ysiné’
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xsinf + ycos @

== | |near approximation
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Beware of too distant
approximations !!!




Extended Kalman Filter

Linear system:
Xl‘ — AZ‘XZ‘—I —+ Btllt




Extended Kalman Filter

Linear system with Gaussian noise:
pX[x,_j,u) = V(x5 Ax,_; +Bu, R)




Extended Kalman Filter

Linear system with Gaussian noise:
pX[x,_j,u) = V(x5 Ax,_; +Bu, R)

How does 1t work for non-linear
motion models?

Xt—1

bel(x,_;) :: N (X_15 Hemps 242)



Extended Kalman Filter

Non-linear system with Gaussian noise:
px|x,_,u) =H(x; gx._;,u), Ry




Extended Kalman Filter

Non-linear system with Gaussian noise:
px|x,_,u) =H(x; gx._;,u), Ry

bel(x,) Is not gaussian !

Xt—1

bel(x,_;) :: N (X_15 Hemps 242)
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Extended Kalman Filter

Non-linear system with Gaussian noise: Linearized system with Gaussian noise:
px|x._,u) =0(X; gx_;,u), R) ~ N(x; g, u) + G (X — 1), R)
bel(x,) Is not gaussian !

bel(x,) = H(x; g(ut TN b 1G +R)
E ﬂt

Llnearlzed system:
<—g(ut7Xt—1) ~ g(ug, py_q) + Ge(xe—1 — py_q)

Og(u=us, x = py_q)
X, 1 0X

bel(x,_;) :: N (X_15 Hemps 242)




xtended Kalman fjlter _
In order to use EKE we neect< 8 ang ﬂ, the rest is the same !!!

Linear system with Gaussian noise:

Linearized system with Gaussian noise:

p(Xt|Xt—17 U—t) — Nxt (AtXt—l + Biuy, Rt)% Nxt (g(ut7 “’t—l) T Gt(Xt—l — Mt—1)> Rt)

p(zt|Xt) — NZt<CtXt7 Qt)

1. Initialization: bel(xg)

2. Prediction step:
By = Ay g + Biug
3, =A, 1A +R,
bel(x;) = Nx, (i1, )

3. Measurement update:

Kt — EtCZ(CtEtC; T Qt)_l

py = oy + Ky (Zt: Cipy)
Et — (I — KtCt)Et

bel(x¢) = Nx, (Hs, t)
4. Repeat from 2

~ N, (h(,) + He(x: — 11,), Qi)

1. Initialization: bel(x()
2. Prediction step:
e = g(utv N’t—l)
3 = Gtzt—lG: + Ry

bel(x;) = Nx, (1, ¢)
3. Measurement update:
K, =>H' H>H +Q;) !
py = o, + Ki(ze — h(y))
¥ =1 -KHy)X,
bel(x;) = Nx, (1, X¢)
4. Repeat from 2



xtended Kalman fjlter _
In order to use EKE we neect< 8 ang ﬂ, the rest is the same !!!

Linear system with Gaussian noise:

Linearized system with Gaussian noise:

p(Xt|Xt—17 U—t) — Nxt (AtXt—1 + Biuy, Rt)% Nxt (g(ut7 “’t—l) T Gt(Xt—l — Mt—1)> Rt)

p(zt|Xt) — NZt(CtXt7 Qt)

1. Initialization: bel(xg)

2. Prediction step:
By = Agpy g + By
S, =A3 A + Ry
bel(x;) = Nx, (i1, )

3. Measurement update:

Kt — EtC:(CtEtCZ T Qt)_l

py = oy + Ky (Zt: Cipy)
Et — (I — KtCt)Et

bel(x¢) = Nx, (Hs, t)
4. Repeat from 2

~ N, (h(,) + He(x: — 11,), Qi)

1. Initialization: bel(x()
2. Prediction step:
e = g(utv u’t—l)
3 = Gtzt—lG;r + Ry

bel(x;) = Nx, (5, )

3. Measurement update:
K,=>H' (H>XH +Q) !
py =, + Ke(ze — h(py))
¥ =1 -KH,)X,
bel(x;) = Nx, (1, X¢)

4. Repeat from 2



Differential drive model - linearization

V
Yi| = Yi—1 + VtAt S1n 6’t_1 — g( Yi—1 . [a)t] )
Ht Qt_l —+ a)t et—l




Differential drive model - linearization

V
Yi| = Yi—1 + VtAt S1n Qt_l — g( Yi—1 . [a)t] )
Hl‘ Hl‘—l —+ a)t Ht—l




Differential drive model - linearization
What is dimensionality of g

Xy X_y + v,Atcos 6, X—1 ; if u is assumed to be known?
. [
Vil = |y, +VArsIng,_; | = g( Yi-1], [ t] ) ~gpu_, )+ GX_ —H,_ )
0 0
[ Hl—l + a)t t—1 g(X, ll): |_ 3 — | 3

: 0
Jg(u=us, X =, 1) —V,AtSIn p,_

Ox

1 0
0 1 vAtcosu?,
0 O

bel(x,_1) = NV (X,_15 M_1> Z4_1)



_ Extend
In order to use It we nee

Linear system with Gaussian noise:
p<Xt|Xt—17 ut) — Nxt (Atxt—l + Btut7

p(zt|Xt) — NZt(CtXt7 Qt)

1. Initialization: bel(xg)

2. Prediction step:

By = Acpry g + Biuy

S =A%, 1A + R,
bel(x;) = Nx, (i1, )
Measurement update:

K, =3,C, (C;:X:C, +Q;)"
py = py + Ke(ze — Copiy)
= (I -K,C))3,
bel(x;) = Nx, (1, X¢)

4. Repeat from 2

sd Gand

N Fllter
H, the rest is the same !!!

Linearized system with Gaussian noise:
R)~ Nk, (9(ae, 1) + Ge(xe—1 — pe—q), Ry)

~ N, (h(,) + He(x: — 11,), Qi)

1.
2.

Initialization: bel(xg)

Prediction step:

By = g(ug, py )

3, = Gtzt—lG;r + Ry

bel(x;) = Nx, (5, )

3. Measurement update:
K,=>H' (H>XH +Q) !
py = oy + Ki(zg — h(my))
¥ =1 -KH,)X,
bel(x;) = Nx, (1, X¢)

4. Repeat from 2



EKF SLAM: absolute marker, differential-drive motion model
State

@=» x. ... estimated robot pose
<> bel(x,) ... prediction step
........... ground truth trajectory
........... estimated trajectory

—d —'1 0 1 2 é < S



EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

> bel(x,) ... prediction step

........... ground truth trajectory
........... estimated trajectory




EKF SLAM: absolute marker, differential-drive motion model

State
e ¢ .
/ ", O=» x, ... estimated robot pose
/ . . °y .o.
( il \/ Ve, <> bel(x) ... prediction step
~— - N ground truth trajectory
' ........... estimated trajectory
et ..0.0 o*




EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

> bel(x,) ... prediction step

........... ground truth trajectory
........... estimated trajectory
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sd Gand

N Fllter
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_ Extend
In order to use It we nee

Linear system with Gaussian noise:
p<Xt|Xt—17 ut) — Nxt (Atxt—l + Btut7
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sd Gand

N Fllter
H, the rest is the same !!!
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Absolute marker detector in EKF | z; X,
p( || |V )= ,/V(z;“; w2r(m, X,) , th>

6 0 -
Zt ‘ Vt ) hm(Xt)
n «  What is dimensionality of h

if m is assumed to be known?
hmx) R - R

+cos O, - (m* —x) +sin, - (m’ —y,)

A™(x) = | —sin6, - (m* —x,) + cos b, - (m” —y)
m? — 0, _
At
~ h(ir) + H(x,— ;) around point I, = | Y:
Ht
—cos@, —sinf, —sinf,- (m*—X)+ cos0, - (m’ —7y)
& *  H,= | +sin 0, —cos, —cos6,-(m*—3X)—sin,-(m"-73,)

0 0 —1



Extended Kalman Filter

Linear system with Gaussian noise: Linearized system with Gaussian noise:
p<Xt|Xt—17 ut) — Nxt (AtXt—1 + Biug, Rt)% Nxt (g(utv Nt_1) T Gt(Xt—l — Nt—l)a Rt)
p(z¢|x¢) = Ng, (Cixy, Q) ~ Ny, (h(y) + Hy(x¢ — 1), Q)
1. Initialization: bel(x() 1. Initialization: bel(x()
2. Prediction step: 2. Prediction step:
By = Agpry_ g + By By = g(ae, py_q) 7Lets run it i
3= A3 A + Ry 3 =G G, + R
m(Xt) = Nk, (ﬁtait) bel(x;) = Nx, (ﬁtv_
3. Measurement update: 3. Measurement update:
K, =X,C/ (C.XZ.C, +Q;)* K, =%H, (HXH W Q) !
py = oy + Ki(ze — Copy) py = oy + Ki(ze — h(py))
¥, = (I-K,CX, >, = (1I-KH;)X,
bel(x;) = Nx, (1, X¢) bel(x;) = Nx, (1, X¢)

4. Repeat from 2 4. Repeat from 2



EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

X ...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory

Wrong Ini state x0
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X ...... ground truth abs. marker pose
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........... ground truth trajectory
........... estimated trajectory
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EKF SLAM: absolute marker, differential-drive motion model

State
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@=» x. ... estimated robot pose
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EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

X ...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step

@& bel(x)) ... measurement update step

........... ground truth trajectory
........... estimated trajectory

Wrong Ini state x0



EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

X ...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step

@& bel(x)) ... measurement update step

........... ground truth trajectory
........... estimated trajectory

Wrong Ini state x0



EKF SLAM: absolute marker, differential-drive motion model

State

*

@=» x. ... estimated robot pose

X ...... ground truth abs. marker pose

- zi.. marker measurements

<> bel(x) ... prediction step
@& bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory

Wrong Ini state x0



EKF SLAM: absolute marker, differential-drive motion model

noiseless measurements noisy measurements




small noise

large noise

EKF SLAM: absolute marker, differential-drive motion model

small covariance Q huge covariance Q
4 - X 4 X 4 - X
21— 21— (MK 2-

- @j' ) @ .

4 X 4 1 X 4 S




Relative marker detector in EKF SLAM X

z Z) /

z | | tx ) =N (z}“; w2r(m, x,) , Q;“)

0 i -

{y m? h"M(x,)

. |m?| Whatis dimensionality of h
t . if m is also unknown?
= h"mx) : R - R?

+cosf, - (m* —x,) +sinf, - (m’ —y,)

—sin Ht ' (mx — Xt) + COS Ht ‘ (my _ yt)

X

K Vit

! _ _ . 0,
5 ~ h(,) + H(x,— ;) around point jz, = o
' [
i n—/l%?

Re
P



Ht

0
0x,

—cos 0,

+sin 0,

0

Marker measurement model in EKF SLAM

) = /V(z}“; w2r(m, Xt) oM )

hm(xt)
+cos b, - (m* —x,) +sin6, - (m” —y,)

L = /1/(1;‘1; —sin6, - (m* —x,) +cos@,-(m’—y)| . th)

m® — 0,
hmzxt)
~ N(ze; h(@w,) +He(x — I,), Qp) around point 7, =
0 0 0 0 0
(')yt ()Ht om> omYy om?
—sinf, —sin@, - (M —x,) +cosH,- (M —y) cosf, sinf O
—cosf, —cosO, -(m* —Xx)—sin@ -(m —y) -—sinf, +cosd O

0 —1 0 0 |




EKF SLAM: relative marker, differential-drive motion model

State
*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

- zi.. marker measurements

<> bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory

........... estimated trajectory




EKF SLAM: relative marker, differential-drive motion model

State
*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

- zi.. marker measurements

<> bel(x,) ... prediction step

@& bel(x)) ... measurement update step

N ground truth trajectory
........... estimated trajectory




EKF SLAM: relative marker, differential-drive motion model

State
*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

- zi.. marker measurements

<> bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory

........... estimated trajectory




Relative and absolute markers together



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

State

*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

<> bel(x) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model
the last relative marker detection State

5 4

@=» x. ... estimated robot pose

4 - X
A

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

<> bel(x) ... prediction step

@& bel(x)) ... measurement update step

........... ground truth trajectory

2 -1 0 1 2 3 4 5 eeeee estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model
the first absolute marker detection State

5 4

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step

1 - 0o @& bel(x)) ... measurement update step

........... ground truth trajectory

2 -1 0 1 2 3 4 5 seeee estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

State

*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

State

*

@=» x. ... estimated robot pose

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

*

@=» x. ... estimated robot pose

State

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

bel(x,) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

State
*q . %0 e *
‘..’- i Ce & ©@=» x, ... estimated robot pose
% ) *
;." i\_» ': ®-»> m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

" . - z'.. marker measurements
! bel(x,) ... prediction step
oottt @& bel(x)) ... measurement update step
........... ground truth trajectory

-1 0 1 2 - 4 5 eecee  anires estimated trajectory



EKF SLAM: abs marker, relative marker, ditfferential-drive motion model

*

@=» x. ... estimated robot pose

State

*

@ m .. estimated rel. marker pose

X ... ground truth rel. marker pose

...... ground truth abs. marker pose

- zi.. marker measurements

<> bel(x) ... prediction step
@ bel(x,) ... measurement update step

........... ground truth trajectory
........... estimated trajectory



SLAM: abs marker, relative marker, differential-drive motion model

EKF SLAM

Graph SLAM




SLAM: abs marker, relative marker, differential-drive motion model

EKF SLAM

Graph SLAM




SLAM: abs marker, relative marker, differential-drive motion model

EKF SLAM

Graph SLAM

—L

é'l S -2
Wrongly initialized angle




GraphSLAM vs Extended Kalman Filter (EKF)

FEE PRAGUE FORMULA




GraphSLAM vs Extended Kalman Filter (EKF)

If willing to contribute, ask Roman: siproman@fel.cvut.cz


mailto:siproman@fel.cvut.cz
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Run Time [ms]

GraphSLAM vs Extended Kalman Filter (EKF)
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Sliding window off
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Where does the EKF linearization fail????



&
(o)

(o)

1T

Consistent motion and measurement
IR >> [|Q][

@ bel(xy) ... initial belief

A

®%  bel(x,) ... prior bel. (prediction step)

@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

»— z]"... marker measurement



N\

&

Ve

(o)

WD

Consistent motion and measurement
IR >> [|Q][

bel(xy) ... initial belief

A

®%  bel(x,) ... prior bel. (prediction step)

@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

»— z]"... marker measurement



Consistent motion and measurement
IR >> [|Q][




Inconsistent linear motion and measurement
IR >> [|Q]l

bel(xy) ... initial belief

A

®%  bel(x,) ... prior bel. (prediction step)

@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

y % z\'... marker measurement



Inconsistent linear motion and measurement
IR >> [|Q]l

@ bel(xy) ... initial belief

A

®%  bel(x,) ... prior bel. (prediction step)

@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

y % z\'... marker measurement



Inconsistent linear motion and measurement
IR >> [|Q]l




|

1Z=
/2| 1

0
2

|

Inconsistent angular motion and measurement
IRl z>> 11Qll-

(o>
\&’

bel(xy) ... initial belief

A

®%  bel(x,) ... prior bel. (prediction step)

@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

SN
&

y % z\'... marker measurement



1 0 Inconsistent angular motion and measurement

@ bel(xy) ... initial belief

WTF??? A
A e ®%  bel(x,) ... prior bel. (prediction step)

@
@ bel(x,) ... posterior bel. (meas. step)

® m .. absolute marker pose

N L)
7\

o

. 1 ; ; 4 »— z'... marker measurement



1 0 Inconsistent angular motion and measurement

WTF???




Non-linear model

- _ _ with true rotation
h™(x,) = h(g) + H(x, — 1)) h™(x,) = w2r(m, X,)

| iInearized model

-] .

b o
N
W

0 1 2 3 4 -1 0

Inconsistent angular motion and measurement



Summary Motion model in EKF

Transition probability:

_th_ _a’;t_:_ _U - _iEt_l | Zi ( —+ Siﬂ(@t_l T tht) — Siﬂ(@t_l))_
p( yel| | |ve—1 |5 ], ) = N(Xt§ yi—1 + 25 (= cos(fy—1 + wiAt) +cos(0:—1)) | Rt)
Oi | |01 \\,t./ I 01 + wAt )
\/'/ H/_/ Uy —/—/
Xt Xt—1 g(ut,Xt—l)
X—1
~ N(z; gp,_,u)+G(X,_;—p,_1), R) around point u,_, = | V-1
01
0 0 0
0X;_1 0V 00,
I 0 —(+cos(d_;+wAf) —cos(,_,))
G B ag(ll — llt,X — Hl‘—l) B Vt
¢ = x = 1 —=(+sin0_, + w,Ar) —sin(,_,))

O Q)
0 0 1



Summary GPS measurement model in EKF

Measurement probability:

X At At
e
(] =t s 2o o)
- Zj J 9; O Hl‘
72PS - - . )
t X, heP5(x,)
1 0 0
Hi=Ci=1g 1 0




H,

Marker measurement model in EKF localization

) — /V(z;“; w2r(m, X,) , th)

>4

= /V(z}n;

hmzxt)

+cos b, - (m* —x,) +sin6, - (m” —y,)
—sind, - (m* —x,) +cos@,- (m’ —vy)| . Q?’)

m? — 0,

~ N(z;, h"(r) + H(x, — i), Q)

0
ox,
—cos 0,
= | +sin ¥,
0

0
0y,
—sin 0,
—cos 0,
0

hmzxt)

around point iz, =

0
96,
—sinf, - (m* —Xx,) + cos @, - (m” —y,)
—cos@, - (m*—x,) —sin@, - (m’ —y,)
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Marker measurement model in EKF SLAM
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Extended Kalman Filter

Non-linear system with Gaussian noise: Linearized system with Gaussian noise:
p(Xt‘Xt—lvut) :Nxt<g(xt—17ut)7 Rt) %Nxt(g(utvu’t—l) T Gt(Xt—l o l’l’t—l)v Rt)
p(Zt‘Xt) — Nzt (h(Xt)7 Qt) ~ NZt (h(ﬁt) T Ht<Xt o ﬁt)a Qt)

bel (x; s it a big issue?




Extended Kalman Filter

Non-linear system with Gaussian noise: Linearized system with Gaussian noise:
p(Xt‘Xt—lvut) :Nxt (g(Xt—lvut)v Rt) ~ INxy (g(utvﬂ’t—l) T Gt(Xt—l T l’l’t—1>7 Rt)
p(Zt‘Xt) — Nzt (h(Xt)7 Qt) ~ Nz, (h(ﬁt) T Ht(Xt o ﬁt)a Qt)

Is it a big issue?
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Extended Kalman Filter

Q1 Beware of ending up as the mythical dunkey!

i Sometimes better to use
o the most dominant mode only
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Summary Extended Kalman Filter (EKF)

EKF Is suboptimal observer of the current state tor
non-linear systems under (Gaussian noise

EKF I1s KF with transition and measurement probabilities approximated
by the first order Taylor expansion around current state.

It cannot relinearize in contrast to GN/LM/TR !

't cannot represent other than Gaussian distr. in contrast to factorgraphs !
't nicely scales to higher dimension and does not grow to Iinfinity.

't has been used for onboard guidance and navigation
system for the Apollo Spacecraft Mission
https://en.wikipedia.org/wiki/Apollo_(spacecratft)

There are other ways of non-linearity approximation such as
Assumed Density Filter (ADF) or Unscented Kalman Filter (UKF).


https://en.wikipedia.org/wiki/Apollo_(spacecraft)

