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the corresponding camera coordinate systems pC, βq with β “ r"b1,"b2,"b3 “
ÝÑ
Cos and pC, β1q with β1 “ r"b 1

1,
"b 1

2,
"b 1

3 “
ÝÑ
Co1s.

Point X is projected to image points along the projection rays, which
are intersected with π and π1. The projection of X in π is represented by
vector "uα “ ru, vsJ. The projection of X in π1 is represented by vector
"u1
α1 “ ru1, v1sJ.
Vectors "x and "x 1 are two direction vectors of the same ray and hence

are linearly dependent. Since they are both non-zero for X ‰ C, their linear
dependence is equivalent with

Dλ P R : λ"x 1 “ "x (7.1)

To arrive at the relationship between the available coordinates of vectors
"x and "x1, we shall now pass from vectors to their coordinates. There holds

λ"x 1 “ "x (7.2)

λ"x 1
β 1 “ "xβ 1 (7.3)

λ"x 1
β 1 “ H "xβ (7.4)

true for some 3 ˆ 3 real matrix H with rank H “ 3, which transforms
coordinates of a vector from basis β to basis β1.

Considering the choices of camera coordinate systems, we see that

λ"x 1
β 1 “ H "xβ (7.5)

λ

»

–

u1

v1

1

fi

fl “ H

»

–

u
v
1

fi

fl (7.6)

We have obtained an interesting relationship. The above equations
tell us that the image projections are related by a transformation, which
depends only on image projections, and to find it, we do not need to know
actual positions of points X in space. This is the consequence of having
C “ C1.
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Figure 7.2: All 3D points are in a single plane. Coordinates in the plane
and in the image are related by a homography.

§1 Relating homography matrix to camera projection matrix Ma-
trix H is related to camera projection matrices. Consider two camera
projections given by Equation 5.12

ζ "xβ “ P

„

"Xδ

1



“
”

K R | ´ K R "Cδ
ı

„

"Xδ

1



“ K R p"Xδ ´ "Cδq (7.7)

ζ1"x 1
β 1 “ P 1

„

"Xδ

1



“
”

K1 R1 | ´ K1R1"Cδ
ı

„

"Xδ

1



“ K1 R1 p"Xδ ´ "Cδq (7.8)

for all "Xδ P R3, which gives

ζ RJ K´1 "xβ “ "Xδ ´ "Cδ (7.9)

ζ1 R1JK1´1"x 1
β 1 “ "Xδ ´ "Cδ (7.10)
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and therefore

ζ1 R1JK1´1"x 1
β 1 “ ζ RJ K´1 "xβ (7.11)

ζ1

ζ
"xβ 1 “ K1 R1 RJK´1 "xβ (7.12)

for all corresponding pairs of vectors "xβ, "x 1
β 1 . Let us now compare Equa-

tion 7.12 with Equation 7.5, i.e. with

λ"x 1
β 1 “ H "xβ (7.13)

We see that

H “ K1 R1 RJK´1 when λ “
ζ1

ζ
(7.14)

7.2 Homography between two images of a plane

7.2.1 One image of a plane

Let study the relationship between the coordinates of 3D points X, which
all lie in a plane σ, and their projections into an image, Figure 7.2. Co-
ordinates of points X are measured in a coordinate system pO, δq with

δ “ r"d1, "d2, "d3s. Vectors "d1, "d2 span plane σ and therefore

"Xδ “

»

–

x
y
0

fi

fl (7.15)

for some real x, y.
The points X are projected by a perspective camera with projection

matrix P into image coordinates "uα “ ru, vsJ, w.r.t. an image coordinate

system po,αq with α “ r"b1,"b2s. The corresponding camera coordinate

system is pC, βq with β “ p"b1,"b2,"b3q.
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To find the relationship between the coordinates of "Xδ and "uα, we project
points X by P into projections "xβ as

ζ

»

–

u
v
1

fi

fl “ ζ "xβ “ P
„

"Xδ

1



“
“

p1 p2 p3 p4
‰

»

—

—

–

x
y
0
1

fi

ffi

ffi

fl

“
“

p1 p2 p4
‰

»

–

x
y
1

fi

fl “ H "yτ

(7.16)
where p1, p2, p3, p4 are the columns of P.

Notice that 3 ˆ 1 matrix "yτ “ rx, y, 1sJ represents point X in the co-

ordinate system pC, τq with the basis τ “ p"d1, "d2, "d4q, where the "d4 “ ÝÑ
CO

is the vector assigned to the pair of points pC,Oq. If point C is not in σ,

then vectors "d1, "d2, "d4 are independent and hence form a basis. Therefore,
matrix

H “
“

p1 p2 p4
‰

(7.17)

represents a change of coordinates and has rank 3.
When we think about pair pC, σq as about a camera that shares its pro-

jection center with camera pC,πq and imagine that points X are all (ac-
cidentally) in the projection plane σ, we see that we have recovered the
relationship between cameras sharing their projection center.

7.2.2 Two images of a plane

We shall now consider the situation when all points in the scene are in a
single plane. Then, as we shall see, the projections of the 3D points, which
are in the plane, are again related by a homography even when the camera
centers are located at different points in the space.

Let us consider a plane σ and two perspective cameras with (in gen-
eral different) projection centers C and C1, which do not lie in σ and the
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We establish coordinate systems pO, δq, pC, βq, pC1, β1q in the standard
way, see Figure 7.3 to get

"Xδ “

»

–

x
y
0

fi

fl (7.20)

for some real x, y.
Point X P σ is projected to the cameras as

ζ "xβ “ P

„

"Xδ

1



“
“

p1 p2 p3 p4
‰

»

—

—

–

x
y
0
1

fi

ffi

ffi

fl

“
“

p1 p2 p4
‰

»

–

x
y
1

fi

fl “ G "yτ

ζ1 "x 1
β 1 “ P1

„

"Xδ

1



“
“

p 1
1 p 1

2 p 1
3 p 1

4

‰

»

—

—

–

x
y
0
1

fi

ffi

ffi

fl

“
“

p 1
1 p 1

2 p 1
4

‰

»

–

x
y
1

fi

fl “ G1 "y 1
τ 1

for some ζ, ζ1 P Rzt0u and two new coordinate systems pC, τq with τ “
p"d1, "d2, "d4q, where the "d4 “ ÝÑ

CO and pC1, τ1q with τ1 “ p"d1, "d2, "d 1
4q, where the

"d 1
4 “

ÝÝÑ
CO1.

We see that there are two different vectors, "y and "y 1, which appear on
the right hand side of the equations in different bases, i.e. as "yτ and "y 1

τ 1

ζ "xβ “ G "yτ (7.21)

ζ1"x 1
β 1 “ G1"y 1

τ 1 (7.22)

with G “ rp1, p2, p4s and G1 “ rp 1
1, p

1
2, p

1
4s.

Coordinate systems pC, τq and pC1, τ1q are so special that

"yτ “ "y 1
τ 1 (7.23)
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for all points in σ. Consider that

"yτ “ p"X ` ÝÑ
COqτ “ "Xτ ` "d4τ “ "X

p"d1,"d2,"d4q
` "d

4p"d1,"d2,"d4q
“

»

–

x
y
1

fi

fl (7.24)

"y 1
τ 1 “ p"X `

ÝÝÑ
C 1Oqτ 1 “ "Xτ 1 ` "d 1

4τ 1 “ "X
p"d1,"d2,"d 1

4
q

` "d 1

4p"d1,"d2,"d 1
4
q

“

»

–

x
y
1

fi

fl(7.25)

and therefore, when C R σ and C1 R σ, we get

ζ1"x 1
β 1 “ G1 G´1ζ "xβ (7.26)

which we can write as
λ"x 1

β 1 “ H "xβ (7.27)

for λ “ ζ1

ζ and H “ G1 G´1. Clearly, H P R3ˆ3, rank H “ 3.
We could also interpret this situation such that two images of a plane are

related by the homography, which is a combination of the homographies
relating the plane to its two images.

7.2.3 Cameras with the same center

In the derivation of Equation 7.27, we have never asked for centers C, C1

be different. Indeed, Equation 7.26 is perfetly valid even when C “ C1. At
the same time, however, there also holds Equation 7.14 true, and thus we
have

H “ G1 G´1 (7.28)

“
“

p 1
1 p 1

2 p 1
4

‰ “

p1 p2 p4
‰´1

(7.29)

H “ K1 R1 RJK´1 (7.30)

“
“

p 1
1 p 1

2 p 1
3

‰ “

p1 p2 p3
‰´1

(7.31)
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Let us see now purely algebraic argument why the above holds true. Since

the cameras have the same projection center "Cδ “
“

c1 c2 c3
‰J

, we can
write

p4 “ ´K R "Cδ and p 1
4 “ ´K 1 R 1 "Cδ (7.32)

and hence

H “ G1 G´1 (7.33)

“
“

p 1
1 p 1

2 p 1
4

‰ “

p1 p2 p4
‰´1

(7.34)

“ K 1 R 1
”

i j ´"Cδ
ı ”

i j ´"Cδ
ı´1
RJK´1 (7.35)

“ K1 R1 RJK´1 (7.36)

with i “
“

1 0 0
‰J

and j “
“

0 1 0
‰J

. We see that there always holds
“

p 1
1 p 1

2 p 1
4

‰ “

p1 p2 p4
‰´1 “

“

p 1
1 p 1

2 p 1
3

‰ “

p1 p2 p3
‰´1

(7.37)

true for two cameras with the same projection center irrespective of where
actually the points in space are since we would get the same images
for points obtained by intersecting the rays with the plane z “ 0 in the
coordinate system pO, δq.

7.3 Spherical image

Consider a camera rotating around a center C and collecting n images all
around such that every ray from C is captured in some image. We can
choose one camera, e.g. the first one, and relate all other cameras to it as

λi "xβ1 “ Hi "xβi , i “ 1, . . . ,n (7.38)

Since all vectors "x were captured, there inevitably will appear a vector
with coordinates

"xβ1 “

»

–

x
y
0

fi

fl (7.39)
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then there holds

D H P R3ˆ3, rank H “ 3, so that @ ru, vsJ corrØ ru1, v1sJ Dλ P R : λ

»

–

u1

v1

w1

fi

fl “ H

»

–

u
v
w

fi

fl

(7.40)
true where w “ w1 “ 1 for perspective images and may be general for
spherical images.

In all three cases, coordinates of points are related by a homography.
We have used linear algebra to derive the relationship between the coor-
dinates of image points in the above form. The homography can be also
represented in a different way.

To see that, we shall eliminate λ as follows

λ

»

–

u1

v1

1

fi

fl “ H

»

–

u
v
1

fi

fl “

»

–

h11 h12 h13

h21 h22 h23

h31 h32 h33

fi

fl

»

–

u
v
1

fi

fl (7.41)

λu1 “ h11 u ` h12 v ` h13 (7.42)

λv1 “ h21 u ` h22 v ` h23 (7.43)

λ1 “ h31 u ` h32 v ` h33 (7.44)

u1 “
h11 u ` h12 v ` h13

h31 u ` h32 v ` h33
(7.45)

v1 “
h21 u ` h22 v ` h23

h31 u ` h32 v ` h33
(7.46)

We see that mapping h obtained as

„

u1

v1



“ h

ˆ„

u
v

˙

“

»

–

h11 u`h12 v`h13
h31 u`h32 v`h33

h21 u`h22 v`h23
h31 u`h32 v`h33

fi

fl (7.47)
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H

H “

»

—

—

–

hJ
1

hJ
2

hJ
3

fi

ffi

ffi

fl

and for the vector x “

»

–

u
v
1

fi

fl (7.56)

and rewrite the above matrix Equation 7.40 as

λu1 “ hJ
1 x (7.57)

λ v1 “ hJ
2 x (7.58)

λ “ hJ
3 x (7.59)

Eliminate λ from the first two equations using the third one

phJ
3 xq u1 “ hJ

1 x (7.60)

phJ
3 xq v1 “ hJ

2 x (7.61)

(7.62)

move all to the left hand side and reshape it using xJy “ yJx

xJh1 ´ pu1xJq h3 “ 0 (7.63)

xJh2 ´ pv1xJq h3 “ 0 (7.64)

(7.65)

Introduce notation
h “

“

hJ
1 hJ

2 hJ
3

‰J
(7.66)

and express the above two equations in a matrix form

„

u v 1 0 0 0 ´u1u ´u1v ´u1

0 0 0 u v 1 ´v1u ´v1v ´v1



h “ 0 (7.67)
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Every correspondence ru, vsJ corrØ ru1, v1sJ brings two rows to a matrix

»

—

–

u v 1 0 0 0 ´u1u ´u1v ´u1

0 0 0 u v 1 ´v1u ´v1v ´v1

...

fi

ffi

fl
h “ 0 (7.68)

M h “ 0 (7.69)

If ξ G “ H, ξ ‰ 0 then both G, H represent the same homography. We are
therefore looking for one-dimensional subspaces of 3 ˆ 3 matrices of rank
3. Each such subspace determines one homography. Also note that the
zero matrix, 0, does not represent an interesting mapping.

We need therefore at least 4 correspondences in a general position to
obtain rank 8 matrix M. By a general position we mean that the matrix
M must have rank 8 to provide a single one-dimensional subspace of its
solutions. This happens when no 3 out of the 4 points are on the same
line.

Notice that M can be written in the form

M “

»

—

—

—

—

—

—

—

—

–

u1 v1 1 0 0 0 ´u1
1u1 ´u1

1v1 ´u1
1

u2 v2 1 0 0 0 ´u1
2u2 ´u1

2v2 ´u1
2

...
0 0 0 u1 v1 1 ´v1

1u1 ´v1
1v1 ´v1

1
0 0 0 u2 v2 1 ´v1

2u2 ´v1
2v2 ´v1

2
...

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(7.70)
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with x “ ru, v,wsJ and x 1 “ ru 1, v 1,w 1sJ and follow the derivation in § 1
to get

λ x 1 “ H x (7.73)

rx 1sˆ H x “ 0 (7.74)

xJHJ rx 1sJ
ˆ “ 0J (7.75)

vpxJHJ rx 1sJ
ˆq “ vp0Jq (7.76)

prx 1sˆb xJq vpHJq “ vp0Jq (7.77)
¨

˝

»

–

0 ´w 1 v 1

w 1 0 ´u 1

´v 1 u 1 0

fi

flb xJ

˛

‚ vpHJq “ vp0Jq (7.78)

»

–

0J ´w 1xJ v 1xJ

w 1xJ 0J ´u 1xJ

´v 1xJ u 1xJ 0J

fi

fl vpHJq “ vp0Jq (7.79)

For more correspondences numbered by i, we then get

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0J ´w 1
1x

J
1 v 1

1x
J
1

0J ´w 1
2x

J
2 v 1

2x
J
2

...
w 1

1x
J
1 0J ´u 1

1x
J
1

w 1
2x

J
2 0J ´u 1

2x
J
2

...
´v 1

1x
J
1 u 1

1x
J
1 0J

´v 1
2x

J
2 u 1

2x
J
2 0J

...

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

vpHJq “ 0 (7.80)

which is, for w “ 1, equivalent to Equation 5.30. Notice that vpHJq “ h
from Equation 7.69.
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