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Structured Output SVM

� Learning h(x;w) = Argmaxy∈Y〈w,φ(x, y)〉 from examples
T m = {(xi, yi) ∈ (X × Y) | i = 1, . . . ,m} by ERM leads to

w∗ ∈ Argmin
w∈Rn

RT m(w) where RT m(w) =
1

m

m∑
i=1

`(yi, h(xi;w))

http://cmp.felk.cvut.cz


2/8
Structured Output SVM

� Learning h(x;w) = Argmaxy∈Y〈w,φ(x, y)〉 from examples
T m = {(xi, yi) ∈ (X × Y) | i = 1, . . . ,m} by ERM leads to

w∗ ∈ Argmin
w∈Rn

RT m(w) where RT m(w) =
1

m

m∑
i=1

`(yi, h(xi;w))

� The SO-SVM approximates the ERM by a convex problem

w∗ ∈ Argmin
w∈Rn

(
λ

2
‖w‖2+Rψ(w)

)
where Rψ(w) =

1

m

m∑
i=1

ψ(xi, yi,w)

http://cmp.felk.cvut.cz


2/8
Structured Output SVM

� Learning h(x;w) = Argmaxy∈Y〈w,φ(x, y)〉 from examples
T m = {(xi, yi) ∈ (X × Y) | i = 1, . . . ,m} by ERM leads to

w∗ ∈ Argmin
w∈Rn

RT m(w) where RT m(w) =
1

m

m∑
i=1

`(yi, h(xi;w))

� The SO-SVM approximates the ERM by a convex problem

w∗ ∈ Argmin
w∈Rn

(
λ

2
‖w‖2+Rψ(w)

)
where Rψ(w) =

1

m

m∑
i=1

ψ(xi, yi,w)

� The surrograte loss ψ : X × Y × Rn→ R is an upper bound:

`(y, h(x;w)) ≤ ψ(x, y,w) , ∀(x, y,w) ∈ (X × Y × Rn)

which is convex in w for any (x, y).
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Margin rescaling loss

� We require the score of the correct label yi to be higher than the score
of any incorrect label y by margin proportional to the loss `(yi, y):

〈w, φ(xi, yi)〉 ≥ 〈w, φ(xi, y)〉+ `(yi, y) , ∀y ∈ Y \ {yi}
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� Example: Sequencial OCR, Hamming distance `(y,y′) =
∑L
i=1[[yi 6= y′i]]〈
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Margin rescaling loss

� We require the score of the correct label yi to be higher than the score
of any incorrect label y by margin proportional to the loss `(yi, y):

〈w, φ(xi, yi)〉 ≥ 〈w, φ(xi, y)〉+ `(yi, y) , ∀y ∈ Y \ {yi}

� The margin rescaling loss

ψ(xi, yi,w) = max
{
0, max
y∈Y\{yi}

(
`(yi, y)+〈w,φ(xi, y)〉−〈w,φ(xi, yi)〉

)}
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〈w, φ(xi, yi)〉 ≥ 〈w, φ(xi, y)〉+ `(yi, y) , ∀y ∈ Y \ {yi}

� The margin rescaling loss

ψ(xi, yi,w) = max
{
0, max
y∈Y\{yi}

(
`(yi, y)+〈w,φ(xi, y)〉−〈w,φ(xi, yi)〉

)}
� Upper bound of the true loss:

yi 6= ŷ = h(xi;w) = Argmax
y∈Y

〈w,φ(xi, y)〉

implies 〈w,φ(xi, ŷ)〉 − 〈w,φ(xi, yi)〉 ≥ 0 and hence

ψ(xi, yi,w) ≥ `(yi, h(xi,w)) , ∀w ∈ Rn
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Margin-rescaling loss

� Using shortcuts `i(y) = `(yi, y) and φi(y) = φ(xi, y)−φ(xi, yi) we can
simplify the margin rescaling loss:

ψ(xi, yi,w) = max{0, max
y∈Y\{yi}

(
`(yi, y) + 〈w,φ(xi, y)〉 − 〈w,φ(xi, yi)〉

)
}

= max
y∈Y

(
`(yi, y) + 〈w,φ(xi, y)〉 − 〈w,φ(xi, yi)〉

)
= max

y∈Y

(
`i(y) + 〈w,φi(y)〉

)
� The margin-rescaling loss is a point-wise maximum over |Y| linear

terms, hence, it is convex.
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SO-SVM leads to a convex QP

� The SO-SVM with margin-rescaling loss:

w∗ ∈ Argmin
w∈Rn

(
λ

2
‖w‖2 + 1

m

m∑
i=1

max
y∈Y
{`i(y) + 〈w,φi(y)〉}︸ ︷︷ ︸
Rψ(w)

)
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w∗ ∈ Argmin
w∈Rn

(
λ

2
‖w‖2 + 1

m

m∑
i=1
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y∈Y
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� By using slack variables it can be rewritten as a Quadratic Program:

w∗ = argmin
w∈Rn,ξ∈Rm

(
λ

2
‖w‖2 + 1

m

m∑
i=1

ξi

)
subject to

ξi ≥ `i(y) + 〈w,φi(y)〉 , ∀i ∈ {1, . . . ,m},∀y ∈ Y

� Note that the QP has m|Y| linear constaints !
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Approximation of loss function

Theorem 1. Let ` : Y × Y → R+ be a loss such that
`(y, y′) = 0 ⇐⇒ y = y′, and h(x) = argmaxy∈Y f(x, y) a classifier
h : X → Y. Then

`(h(x), y) ≤ max
y′∈Y\{y}

ψ
(
f(x, y)− f(x, y′), `(y, y′)

)
, ∀x ∈ X , y ∈ Y

where ψ : R× R→ R is a function such that ψ(t, u) ≥ u [[t ≤ 0]].
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h : X → Y. Then

`(h(x), y) ≤ max
y′∈Y\{y}

ψ
(
f(x, y)− f(x, y′), `(y, y′)

)
, ∀x ∈ X , y ∈ Y

where ψ : R× R→ R is a function such that ψ(t, u) ≥ u [[t ≤ 0]].
proof:

`(h(x), y) = `(h(x), y) [[f(x, y)−max
y′ 6=y

f(x, y′) ≤ 0]]

≤ ψ
(
f(x, y)−max

y′ 6=y
f(x, y′) , `(h(x), y)

)
= ψ

(
f(x, y)− f(x, h(x)) , `(h(x), y)

)
≤ max

y′ 6=y
ψ
(
f(x, y)− f(x, y′) , `(y′, y)

)
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Approximation of loss function

� Margin re-scaling loss: ψ(t, u) = max{0, u− t}

`(h(x), y) ≤ max
y′ 6=y

max
{
0, `(y′, y)− f(x, y) + f(x, y′)

}
= max

y′

(
`(y′, y)− f(x, y) + f(x, y′)
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`(h(x), y) ≤ max
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max
{
0, `(y′, y)− f(x, y) + f(x, y′)

}
= max

y′

(
`(y′, y)− f(x, y) + f(x, y′)

)

� Slack re-scaling loss: ψ(t, u) = max{0, u (1− t)}

`(h(x), y) ≤ max
y′ 6=y

max
{
0, `(y′, y)

(
1− f(x, y) + f(x, y′)

)}
= max

y′
`(y′, y)

(
1− f(x, y) + f(x, y′)

)
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