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Fractional Binary Numbers
(zlomkova binarni Cisla / Cisla v pevné fadové Carce )

* Reprezentace 7 |
- bity vpravo od “binary point” udavaji zlomky mocnin 2 Y p, -2*
* reprezentuje realna Cisla k==j



Zlomkova cCisla / Pevna radova Carka

 Hodnota  Reprezentace

5-3/4 101.11,

2-7/8 10.111,

63/64 0.111111,
* Operace

« Deleni 2 posunem vpravo
« Nasobeni 2 posunem vlevo
« Cislapod 0.111111..., jsou mensi nez 1.0

«1/2+1/4+1/8+ ... +1/2°+... > 1.0
* Presna notace —» 1.0 — ¢



Binarni=» Dekadické

23.47 = 2x101 + 3x109 + 4x101 + 7x102
Tdesetinnéteéka

10.01,,,, = 1x21 + 0x20 + Ox2-1 + 1x2-2
I binarni tecka
=1x2 +0x1 +0x'% + 1xY,
=2+0.25=2.25



Dekadické =» Binarni

 Mozno napsat Cislo jako soucet mocnin 2
0.8125=0.5+0.25 + 0.0625
=2-1 49224 924
=0.1101,

* Algoritmus: Opakovane nasobime zlomkovou cast 2, dokud
nebude 0 - nasobenim provadime simulaci posunu vlevo:.

o MSB
0.8125 =»(1.625
0.625 =>|1.25
0.25 =>|0.5
0.5 = 1.0
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Pripominka: Prevod celych Cisel bez znaménka

a) postupnym odecitanim mocnin
2 postupné od nejvétsi k nejmensi

e Desitkove Cislo:

b) delenim 2

| L0 _os
. 13/2 =6 zbytek 1 @SB | T
. 6/2 = zbytek O | 0 o o
ig = Zgyteti 2 8 4 2 1 vess
a = zbyte |
5 y MSB #4501 8=23
------------------------------------------------------------ i 32 16 4 2 1 ok, 13-8=5
e L i 4=22
Pripominka: V predmeru SPSse ;0 011 oA
j v r v s : 32 16 8 2 =8+4=
ukazovalo, zZe celd cast cisla se g ok, 5-4=1
prevede delenim 2 a zbytku po 0 011 VZTZ{
déleni - simulace posunu vpravo, | 2168 4 o 1 R
a proto je opacné poradi biti . 0 01101 1=2°
i 3216 8 4 2 | =8+4+1=13

Snimek prevzaty z 1. prednasky SPS

1-1=0




Pozor

» Konecné dekadicke cCislo
¥ koneéné binarni &islo

- Priklad:
01.,.,=202=204=2>208=2>16=2>12=>04=->

ten

08=>16=>12=2>04...

0.1,,=0.00011001100110011...,
= 0.00011, (nekonecny fretézec bitu)
S vice bity se zpresnuje reprezentace 0.1,

7 Com




Effect of Loss of Precision

According to the
General
Accounting
Office of the U.S.
Government, a
loss of precision
in converting 24-
bit integers into
24-bit floating
point numbers
was responsible
for the failure of
a Patriot anti-
missile battery.

Missile
outside of
Validation range gate
action
Range
)\ Gate
Area
Search action
locates missile
somewhere
within beam i
Patriot
Missile Radar
System

Slide source: UIUC



Effect of Loss of Precision

During the Gulf War in 1991, a U.S. Patriot missile failed to intercept an
Iraqi Scud missile, and 28 Americans were killed.

A later study determined that the problem was caused by the inaccuracy
of the binary representation of 0.10.

— The Patriot incremented a counter once every 0.10 seconds.
— It multiplied the counter value by 0.10 to compute the actual time.

However, the (24-bit) binary representation of 0.10 actually corresponds
t0 0.099999904632568359375, which is off by 0.000000095367431640625.

This doesn’t seem like much, but after 100 hours the time ends up being
off by 0.34 seconds—enough time for a Scud to travel 500 meters!

—

UIUC Emeritus Professor Skeel wrote a short article about this.
Roundoff Error and the Patriot Missile. SIAM News, 25(4):11, July 1992.

Slide source: UIUC



Reprezentace

 Omezeni
* |ze presné vyjadfit jen disla x/2X
 Ostatni Cisla jsou ulozena nepresne
 Hodnota  Reprezentace

1/3 0.0101010101[01]7...,
1/5 0.001100110011[0011]..,
1/10 0.0001100110011[00117...,



Védecka notace

 Dekadicke cislo:
-123,000,000,000,000 = -1.23 x 104
0.000000 000000000123 =» +1.23x 1016

o Binarni c¢islo:
110 1100 0000 0000 = 1.1011x 214
-0.0000 0000 0000 0001 1011 » -1.1101 x 216
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HW/SW interfejs

* Normalizovano jako IEEE754 ve verzich
» Jednoducha,
* Dvojnasobna presnost.

* V programovacim jazyce C se deklaruje
jJako float a double.
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PFiklady

—2.34 < 10°°

normalized — .
+0002 8 10_4 T not normalized blnarne
+987.02 x 10° — +1 XXXXXXX, x 20YYY

Znameénko M

\l/ - e \/
o AEY | T ML

<€

Poloha radové Carky (teCky) proE i M
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Format Cisla v pohyblive radoveé carce

« Kod mantisy: primy kod — znameénko a
absolutni hodnota

« Kod exponentu: aditivni kod (s posunutou
nulou - posun +127).

Znaménko M

Poloha radové Carky (teCky) proEi M
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Priklady reprezentace nékterych dulezitych hodnot

Nula
Kladns nula 0 00000000 00000000000000000000000 |40
Zaporna nula 1 00000000 00000000000000000000000 |.0.Q
Nekonecno

Kladné nekoneéno |0 11111111 00000000000000000000000
Zépﬂrﬂé nekoneéno 1 111111311 Q0000000000000000000000
Nékteré krajni hodnoty

:\]'ejnlengi FOOQOQOQOO00L O0O0COOOo00o00000000000000 -9 1-127)
normalizované ¢islo

Nejvetsi * 00000000 11111111111111111111111 +(1—2 B2
denormalizované

¢islo

Nejmensi * 00000000 0000000000000000000000L +2 By 716
denormalizovang

¢islo
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Skryty bit
* Nejvyssi platny bit mantisy (ktery se do
bitove reprezentace operandu neuklada) je

 zavisly na hodnote obrazu exponentu.
Jestlize je obraz exponentu nenulovy, je
tento bit

* 1, mluvime o normalizovanych cCislech.

* Na druhou stranu jestlize je obraz
exponentu nulovy, je skryty bit O.

e Pak mluvime o denormalizovaném cisle.
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Denormalizované cgislo?

« Smyslem zavedeni denormalizovanych
cisel je rozsireni reprezentovatelnosti Cisel,
ktera se nachazeji blize k nule, tedy Cisel
velmi malych (v nasledujicim obrazku oblast
oznacena modre).

* Denormalizovana Cisla maji nulovy
exponent a i skryty bit pred radovou carkou
je implicitne nulovy.

* Cenou je nutnost specialniho osetreni
pripadu nulovy exponent, nenulova mantisa.
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Podteceni

» Jde o situaci, kdy zobrazovane cCislo neni
rovno nule, ale nedosahuje hodnoty
nejmensiho zobrazitelneho
normalizovaného cisla.

 Mnoha podtecenim lze predejit prave
iImplementaci Cisel denormalizovanych.

oblast
podtecCeni zobrazitelnych Cisel

0 . v/ . v
nejmensi kladné Cislo -

denormalizované normalizované
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Type 31 28 24 20 16 12 8 4 0 Watch in Windows® Valule
sign exponent(d) fraction (23-hit)
H ; ; ; ;

Zero 0.00000000 1]
One 1.00000000 1
Minus One -1.0000000 -1.0

Smallest denormalized number 1401e-0458DEN [+ 278 52128 4 07198 41 4 10#

"Middle" denormalized number 5.877=-0394DEN =2 w2 e 75880107
Largest denormalized number 1.175e-038#DEN |+ (1-27) %2 x+1.18x107
117549440038 |2 a+1.18x107F

Smallest normalized number

Largest normalized number 34028235e+038 i(2—2'ﬂ)>< 2 a3 4%10%

Positive infinity 1 #INFOOO +0o0
Megative infinity -1.#IMNFOO0 -c0
Mot a number 1#QNANOD MalN
* Sign bitécan beeit;erﬂ orl
Figure: Floating-point Binary Copyright libg.org
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NaN

« Same jedniCky v exponentu,
* Mantisa je nenulova.

* V tom pripade neni bitovy retézec obrazem
zadneho Cisla, anglicky Not-a-Number,
Nan.
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Shrnuti — zobrazitelna Cisla a vyjimky

) Obraz ,

s-bit m VvvZnam
exponentu ¢

0 0<e<255 |=0 |normalizovane kladnée ¢islo
1 D<e<255 |[»0 |normalizovane zaporne ¢islo
0 0 =( |denormalizovane kladne ¢islo
1 0 =0 |denormalizovane zaporne ¢islo
0 0 0  |kladna nula
1 0 0  |zaporna nula
0 255 0 |kladné nekoneéno (overflow)
1 255 0  |zaporne nekonecno (overflow)
0 255 #0 |NaN — not a number — neéiselna hodnota
1 255 +0 |NalN — not a number — ne¢iselna hodnota
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ANSI/IEEE Std 754-1985 formaty — 32b a 64b

8 b
E+127 24 b
B—7 T ] |
L dvojkova ¢arka (pro M i pro E)
{L
8 b 23 b
sl__9 f |

ANSI/IEEE Std 754-1985 — dvojity format — 64b

g...11b f...52b
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double

1 11 52

S E F

* E neni 00...0 (dekadicky 0)
nebo 11...1 (dekadicky 2047)

* Normalized rule: number represented is
(_1)8)( 1. Fx2E-1023

ANSI/IEEE Std 754-1985 — dvojity format — 64 bitd

E...11 bitu f...52 bitu
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x86 Extended Precision Format

pouZziva aritmeticky koprocesor x86

exponent Integer Part fraction
sign (15 bit) (1 bib) (63 bit)
I [T
o o o
79 64 0

3.65%10749°1 t0 1.18%104932

Zdroj: http://en.wikipedia.org/wiki/Extended_precision
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Priklad: 0.75
N

0.75,,=0.11,=1.1x2 1
11=1.F>F=1
E-127=-1— F =127 -1 = 126 = 01111110,

00111111010000000000000000000000 =
0x3F400000



Priklad 0.1,, - Prevedte na float
——

0.1,, = 0.000110011...., =

0. 0001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
0011001100110011001100110011001100110011001100110011001100110011001100110011
ooll...




Priklad 0.1,, - Prevedte na float
——

0.1,, = 0.000110011....,
= 1.10011,x 2 4= 1.F x 2 E-127

F=10011 -4=E-127

E =127 -4 =123 =01111011,

0011 1101 1100 1100 1100 1100 1100 1100 11..
Ox3DCCCCCD, proC je D ?




|IEEE-754 konverze
]

* Prevedte -12.625,, IEEE-754 float format.
« Krok #1: Prevedte -12.625,,=-1100.101,
« Krok #2: Normalizujte -1100.101, =-1.100101, x 23

« Krok #3: Vyplnite pole, znameénko je zaporné -> S=1.
Exponent + 127 -> 130 -> 1000 0010 .
Uvodni bit 1 mantisy je skryty ->

1 1000 0010 . 1001 0100 OOOO OOO00 0000 000



Kviz: Rozhodnéte o platnosti vztahu

int x e

Predpokladejme,
float £ = ..; ze d a £ nejsou NAN
double d = ...;

* x == (int) (float) x

== (int) (double) x
== (float) (double) £
== (float) d

Hh Q. Hh X

== —-(-f);

e 2/3 == 2/3.0

* d< 0.0 = ((d*2) < 0.0)
e d>f =-f > -d

e d*d> 0.0

e (d+f)-d ==



Odpovédi na kviz

e S Pfedpokladejme,
float f = ..; ze d a f nejsou NAN
double d = ..;
e x == (int) (float) =x Ne: 24 vyznamych bitt
* x == (int) (double) x Ano: 53 vyznamych bit
e £f == (float) (double) £ Ano : zvySeni presnosti
e d == (float) d Ne: ztrata presnosti
e £ == -(-f); Ano : pouha zména znaménka
e 2/3 == 2/3.0 Ne: 2/3 ==
e d< 0.0 = ((d*2) < 0.0) Ano!
e d>f =-f > -d Ano!
e d*d> 0.0 Ano!
e (d+£f)-d == Ne: Neni asociativni
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Porovnani dvou cisel ve FP

* Porovnani:je-liAzB&<=> A -B=0.

* Obrazy Cisel A a B se odectou jako Cisla v
primém kodu a v pevne radova carce.

* To Je vyhodou zvoleneho zobrazeni Cisel.

AOM36APO Architektury pocitacu
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Algoritmus scitani v pohyblivé radove Carce

« OdecCteme exponenty.

* Mantisu Cisla s mensim exponentem posuneme doprava
o pocet bitu, ktery je roven rozdilu exponentu.

« SecCteme mantisy obou Cisel.

« UrcCime pocet nul mezi radovou carkou a prvni platnou
cislici souCtu mantis.

* Posuneme soucet doleva o tolik mist, kolik nul bylo
nalezeno za radovou carkou.

« ZmenSime puvodni exponent o pocCet nalezenych nul.
« Zaokrouhlime.
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[Sor[cwom]  Fmown | [sn] emonent |

acon |

[olowm]  ramn ]
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R / Compare
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1
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difterance
LR | LI LR )
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v
Shift gmalier
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AL ¥ T
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Big ALU Add
Marmalize
Round

H
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Nasobeni Cisel v pohyblivé radove Carce

« Exponenty seCteme.
* Mantisy vynasobime.
* Normalizujeme.

» Zaokrouhlime.

« HW FP nasobicky je srovnatelne slozity,
jako FP scCitaCky. Jen ma namisto scitaCky
nasobicku.
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